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Abstract 

We analyse the origin of the Adler-BeU-Jackiw (ABJ) anomaly of chiral U(l) 
gauge theory within the framework of regularized path integrals. Momentum or 
position space regulators allow for mathematically well-defined path integrals but 
violate local gauge symmetry. It is known how (nonanomalous) gauge symmetry 
can be recovered in the renormalized theory in this case [Ij. Here we analyse U(l) 
chiral gauge theory to show how the appearance of anomalies manifests itself in 
such a context. We show that the three-photon amplitude leads to a violation of the 
Slavnov- Taylor-Identities which cannot be restored on taking the UV limit in the 
renormalized theory. We point out that this fact is related to the nonanalyticity of 
this amplitude in the infrared region. 
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1 Introduction 

When analysing a quantum field theory model one typically starts from a lagrangian 
encoding its field content and symmetries. Still, writing a lagrangian generally does 
not define the theory, not even when restricting to perturbation theory. This is due in 
particular to the need of renormalization which requires to modify the lagrangian by 
adding counter terms, or, in the language of the Wilson renormalization group [29], to 
follow the flow of the relevant parameters of the theory. It may then turn out that the 
process of renormalization does not fully respect the symmetry structure of the initial 
lagrangian. If a symmetry is inevitably broken by the quantum corrections, one talks 
of an anomalous symmetry. It may also happen that the symmetry is only broken at 
an intermediate stage through regulators which make the theory well-defined and can 
be recovered, once these regulators are taken away again. It is generally admitted that 
theories which can be fully regularized without breaking any of their symmetries, cannot 
be anomalous. 

In this paper we want to come back to the chiral U(l) gauge theory - which is known 
to be anomalous [2], [10], [5], [3l] - in a momentum space regularization scheme, 
which breaks gauge invariance from the beginning. Such regularizations are used when 
establishing the differential flow equations [28j of the renormalization group j^H], which 
allow for an elegant inductive approach to perturbative renormalization theory [26j. 

Most often perturbative renormalization of gauge theories is performed with the aid 
of dimensional regularization which at first sight respects local gauge symmetry. Most 
of the work and in particular most of the calculations have been done in this scheme 
ever since it has been known to exist. For chiral gauge theories containing the four- 
dimensional Levi-Civita tensor e^^pa , dimensional regularization does not fully respect the 
gauge symmetry however, since this tensor does not have a straightforward generalization 
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to 4 + e dimensions. In spite of its great advantages the dimensional scheme also has 
some drawbacks, mainly on the mathematical sid^. It not only defies to be given rigorous 
meaning in path integral formulations, it does not even directly apply in a mathematical 
sense to perturbative Green functions as a whole without splitting them into graphs. 
Thus, in some sense it is farthest away from nonperturbative analysis. 

On the other hand analysis of symmetries and functional relations in field theory are 
largely based on path integral formulations. It therefore seems to be important to study 
gauge theories in the rigorous framework of regularized path integrals on which the fiow 
equations are based. A proof of perturbative renormalizability of spontaneously broken 
SU(2)-Yang-Mills theory with the aid of fiow equation was performed in [IJ. In jTS] an 
analysis of QED with massive photons was performed. Its extension to massless photons in 
[20j became technically quite involved and could (should) be improved nowadays. A fully 
rigorous analysis of QCD in this framework, including the infrared part of the problem, 
still has to be performed. 

Let us shortly comment on the strategy of proof of [T]. The (ultraviolet) power count- 
ing part of the fiow equation renormalization proof is universal and simple for all renor- 
malizable theories. For gauge theories we have to show that gauge invariance can be 
restored when the cutoffs are taken away. On the level of the Green functions (which 
are not gauge invariant) this means that we have to verify the Slavnov- Taylor identities 
(STI) of the theory. They allow to argue that physical quantities such as the S-matrix are 
gauge-invariant [30]. On analysing the flow equations (FE) for a gauge theory one realizes 
that the restoration of the STI depends on the choice of the renormalization conditions 
chosen and is not true in general. More precisely, since gauge invariance is violated in the 
regularized theory, the renormalization group flow will generally produce nonvanishing 
contributions to all those relevant parameters of the theory, which are forbidden by gauge 
invariance. The question is then: Can we use the freedom in adjusting the renormalization 
conditions such that the STI are nevertheless restored in the end? To answer this question 
a flrst observation is crucial: The violation of the STI in the regularized theory can be 
expressed through Green functions carrying an operator insertion, which depends on the 
regulators. FE theory for such insertions tells us that these Green functions will vanish 
once the cutoffs are removed, if we achieve renormalization conditions on the noninserted 
Green functions such that the inserted ones, which are calculated from those, have van- 
ishing renormalization conditions for all relevant terms, i.e. up to the dimension of the 
insertion (which turns out to be 5). In case of spontaneously broken Yang-Mills theory 
as well as for QED it could then be shown that there exist classes of renormalization 
conditions such that the relevant part of the STI vanishes, and in consequence such that 
the STI are restored after taking away the cutoffs. 

^for example when calculating the three-photon-amplitude analysed in App. |X] in the dimensional 
scheme, it is often stated that this amplitude or its derivatives are arbitrary in some sense. Thus one may 
ask oneself in which sense and at which stage the starting point is well-defined mathematically ; as it is 
e.g. in a momentum-space regularized version of the theory. 
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In the present paper we want to analyse the mechanism behind the appearance of 
the anomaly in chiral U(l) gauge theory in this framework. As a consequence of the 
previous remarks an anomaly should manifest itself through the appearance of a finite 
relevant contribution to the STI which cannot be eliminated by a suitable choice of renor- 
malization conditions. Our analysis reveals that this appearance is closely related to the 
infrared divergences of the chiral gauge theory. In fact it will turn out that complete Bose 
symmetry together with analyticity around zero momentum - which would hold in fully 
massive theories - would prevent the appearance of the ABJ anomaly. The deduction 
of the anomalous Ward or Slavnov- Taylor identities proceeds in the same way as in the 
SU(2)-case. There is no room for a contribution from the integration measure, which 
seems to be in contrast with the deduction of the anomaly by Fujikawa |T3], jH]. In this 
respect, we discuss the Jacobian of regularized BRS-transformations, and we also discuss 
Fujikawa's argument. We note that recently chiral anomalies have also been analysed 
nonperturbatively in two-dimensional models like the Thirring model [21], j9|. Conceptu- 
ally this approach is close to ours since it is also based on reglarized path integrals, which 
in this case can be analysed constructively, i.e. beyond perturbation theory. 

Our paper is organized as follows. In section |2] we introduce the classical action of the 
chiral U(l) gauge theory, its symmetries and the abelian BRST-transformations |8], |27| . 
In section [3] we introduce regularized path integrals, certain concepts from FE theory, 
and we recall the statements on renormalizability we need. In particular we introduce 
the above mentioned operator insertions. When using the FE it is natural to analyse the 
generating functional of free propagator amputated Schwinger functions. The analysis 
of the STI is however technically simpler for one-particle irreducible vertex functions 
so that we introduce the generating functionals of both, together with the corresponding 
renormalizability statements. In section H] we derive the violated Slavnov- Taylor identities 
(VSTI) for the regularized theory emphasizing the terms related to the anomaly. Using 
explicit results on the regularized three-photon-amplitude we show that the STI cannot 
be restored in the UV limit for any choice of renormalization conditions. As regards the 
general aspects of path integral analysis we try to keep the presentation in sections [3] 
and m short, referring to the more detailed analogous deductions presented in [Ij in the 
technically more involved nonabelian case. 

In the appendices we analyse the ABJ anomaly in the regularized theory and reveal its 
relation to the infrared singularity of the massless fermion chiral gauge theory (App. 

we show that for straightforward regularizations the Jacobian associated with the 
BRS-transformation in the path integral equals 1 (App. [B]); and we shortly comment on 
Fujikawa's argument (App. [C| . 
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2 The classical action of chiral U{1) gauge theory 

We consider the axial-vector-coupling abelian gauge theory with fermions and massive 
axial-vector gauge bosons, in euclidean signature. We will mainly restrict to massless 
fermions. The classical action has the form 

Sinv = y"rfx|^F^'^F^, + ^(0 + (7475)V^| , with jdx= j d^x . (1) 

The field strength tensor is defined as 

F^,{x) = d^A,{x) - d,A^{x) . (2) 

The coupling parameter g is real. The Euclidean Dirac matrices verify the anticommu- 
tation relations {'J^,'yu} = —'^^iiv , and we adopt the convention 

75 = -7o7i7273 , 

such that 75 = 1. For massless fermions the action ([T]) is invariant under local gauge 
transformations of the fields 

Af,{x) Af,{x) + d^u{x), ^{x) e'^''^''^^'ij{x), ^{x) ^(x)e^^"(^')^^ (3) 

with u : — > R , smooth. Mass terms for fermions are excluded by global (chiral) gauge 
symmetry. 

Aiming at a quantized theory, pure gauge degrees of freedom have to be eliminated. 
We choose the standard covariant gauge fixing with a G R+, and we also introduce a 
mass M > for the gauge field, and thus add the following contribution to the action 

S,.f. = j dx}^-id,A,r + —A,A,j . (4) 

With regard to functional integration this condition is implemented by introducing (bosonic 
but) anticommutin^ Faddeev- Popov ghost and antighost fields c and c |JJj, [lOj, respec- 
tively, and forming with these scalar fields the additional term in the action 

Sgh = j dx c {d^d^ - aM"^) c . (5) 

Hence, we have the total "classical action" 

'S'bRS = "S'inv + SgS. + 'Sgh , (6) 



Hhe fields t/;, V': c, c anticommute among each other 
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which is decomposed as 




rfa;{£quad(a;) + Ant(a;)} 



(7) 



into its quadratic part 




We impose the following transformation properties of the fields under the discrete 
symmetries of charge conjugation C and parity P : 

Af,^ A^, ip ^ip"" = 27270^' , # 7o 72 , c c, c^c, 

P ^ P ^ P ^ — P ^ 

Aq{x) -Aq{x), Ai{x) -> Ai{x) , i){x) ?77o^(x), ip r]*ip{x) 70 , 
c(x) A — c(x), c(x) A — c(x) . 

Here is an undetermined phase factor, and we set x = (xq, —x) . Note in particular that 
An transforms as an axial vector. 

As a prerequisite to state the symmetries of Sbrs O j composite classical fields are intro- 
duced as follows: 



The classical action Sbrs © then shows the following symmetries : 

i) Euclidean invariance: Sbrs is an 0(4)-scalar. 

ii) Charge conjugation invariance. 

iii) BRS-invariance: 

The BRS-transformations of the basic fields are defined as 



(10) 



A^ix) 
ip-' (x) 





ip^ (x) 
c{x) , 
c{x) - 



- p 



{x)e, 





a 



duAy{x)e , 



•^we use the summation convention 
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using the composite fields (fTOj) : e is a Grassmann element not depending on space-time 
that commutes with the fields Afj_ but anticommutes with the (anti-)fermions ip, ijj and 
the (anti-)ghosts c, c. 

To show the BRS-invariance of the total classical action (|6]) one first observes that the 
composite classical fields f llUp are themselves invariant under the BRS-transformations 
(ITT]) . Herewith it follows easily that the sum S'g.f. + S'gh is invariant under the transforma- 
tion (ITT]) . Finally, on S-mv act only the BRS-transformations of the fields A^, tp, ip , which 
amounts to local gauge transformations. 

We observe that upon scaling the composite fields ( fTTj) entering the BRS-transformations 
as well as Sgh dS]), by a factor of A, the corresponding S-qks remains invariant under 
such BRS-transformations. BRS-invariance is considered to be sufficient for the gauge 
invariance of the S-matrix if it exists [30j. Note that contrary to electrodynamics, charge 
conjugation invariance does not forbid terms which are odd monomials in the gauge field. 
The absence of such terms in QED is often termed Furry's theorem. 
The fields A^,c, c and ip^ip have mass dimensions 1 and 3/2 respectively . We associate 
the ghost number 1 to c , ghost number —1 to c, and ghost number to A^, ip, ip . With 
these assignments the action has mass dimension and ghost number . 

3 Regularized path integrals and renormalization 

In this section we shall introduce the path integral formulation of chiral U(l) gauge theory. 
From momentum space regularized path integrals one derives the fiow equations of the 
renormalization group on which renormalization theory in full generality can be based. 
In fact the fiow equations allow to deduce inductive bounds on the Schwinger functions 
which imply renormalizability, as was realized by Polchinski |26j, see also |^21j. We try to 
be short on renormalization theory here since it is our aim to confirm that the theory we 
consider cannot be renormalized maintaining local gauge symmetry. Using flow equations 
it is straightforward to see that it can be renormalized abandoning local gauge symmetry, 
a fact which one might state as renormalizability in the weak sense [22]. Thus we will not 
present the flow equations here, but just introduce the formalism on which they are based 
and from which we can deduce the Slavnov- Taylor-identities (STI), which are violated in 
the presence of cutoffs. We will then present the statements on renormalization theory 
we need in order to be able to verify whether the STI can be restored on taking away 
the regulators. A complete presentation of renormalization theory, in a case where the 
answer to this question is affirmative, was presented in [Ij. 
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3.1 The regularized effective action 

Bosonic field variables are generically denoted by 0. Generally one may consider that 
they are smooth function^. We will use the following concise notations : 

< 0, 0' > = j dx (j){x) (j)' {x) , {(j) * (j)'){y) = j dx (j){x) (j)' {x — y) . 

As regards Fourier transforms we set 

0(x) = j e'^^ 0(p) with 1^1-0-^ ^ 0(p) = Jdx e-^^^ 0(x) 



{2^f I e 

J V 



S<P{x) Jp S^{p) ' 

Quantization of the theory by means of functional integration in the realm of (formal) 
power series is based on a Gaussian measure related to the quadratic part of ^brs (E]). 
Denoting the differential operators appearing with the various fields as 

D,,:={-A + M^)6,,-^^d^d, , i$,,:=id,{^X ^ D:=-A + aM\ (12) 
we write 

j dx £quad(a;) = ^ + {i',t^tP) - (c, Dc) . (13) 

To the differential operators ( I12p are associated the (free) propagators 

C^A^,y)= f e'^^^-y^C,,{k), S,j{x,y)= [ e''^^~y^ S.jik) , C{x,y)= f e'^^^-y^ C{k) 

Jk Jk Jk 

(14) 

with 



The Gaussian product measure is then defined with the aid of covariances which are a 
regularized version of the propagators (IT^ . (IT^ . We choose a cutoff function crA(fc^) and 
set 

aA,Ao(A:') = cTA,ie) - aAik^) • (16) 



''the support of Gaussian measures depends on their regularity properties. For efficient regulators 
our assumption turns out to be almost surely realized. For weaker forms of regulators the subsequent 
expressions are still well-defined in the support of the measure even if it exceeds the space of C°°-functions. 
We do not make explicit a finite- volume cutoff since our statements on vertex and Schwinger functions 
hold in the infinite volume limit. It is straightforward to start by considering the theory an a torus, see 
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For the bosons we may for example choose as in fT\ 



A8 

This cutoff function is positive, invertible and analytic, and has the property 

^af(A:^)k^=o = 0, (18) 

which is helpful in the analysis of the STI in [Ij. For the fermions we choose a weaker 
cutoff more adapted for explicit 1-loop calculations of section IA.2I In fact we simply 
choose 



F + A2 

or higher powers thereof, i.e. a Pauli-Villars type cutoff. 

Employing these cutoff functions we define the regularized propagators, with UV-cutoff 
Aq < oo and a flow parameter A satisfying < A < Aq, 

cX'(k) = <Ao(^') , C^'^^'ik) ^ C{k) <^„(P) , 

S^'^^^{k)^S{k)al^^^{e) . (20) 

It is convenient to introduce a short collective notation for the various fields and their 
sources: 

i) We denote the physical fields and the corresponding sources, respectively, by 

^ = iA^,i;\^^) , J=ij,,x',xn, (21) 

ii) and all fields and their respective sources by 

$ = (¥., c,c), K={J,n,v)- (22) 

The sources X'' ? X'' ^ind rj , f] are Grassmann elements, t] , f] have ghost number +1 and 
— 1, respectively. In the sequel, we exclusively use left derivatives with respect to these 
quantities. 

The characteristic functional of the Gaussian product measure with the covariances from 
(120|) . (fT5|) - multiplied by h in view of the loop expansion - is then given by 



|ci/.A,A,($)ei<*'^) = e^^'^"^"^^), (23) 

where 

ifi{x)Jix) = A^{x)j^{x) + x^ix)ij^ix) + ij^ix) x^{x) , (24) 
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and 

((^, J)= I dx <^{x)J{x) , ($, K) = {<^, J)+ dx(^c{x)ri{x) + f]{x)c{x)^ , (25) 



pA,Ao = _ (^-^^ C';^,Ao ^■^) + ^A,Ao ^) _ ^A,Ao _ (36) 



1 

2 

We now consider the generating functional L^'^°($) of the regularized (through cta.Ao 
connected amputated Schwinger functions (CAS) given by 



-1(lA,Ao($)_,_/A,Ao~) 



J rf/iA,Ao($') e-i^^°"''(*'+*) . (27) 



We impose //"^'^"(O) = so that the constant J^'^^f is the vacuum part which is propor- 
tional to the volume because of translation invariance. It therefore requires to consider 
the theory at first in a finite volume fl C R''. For details see |25| . 

Since the regularization necessarily violates the local gauge symmetry, the bare func- 
tional L°($) = L^°'^°($) in a first stage has to be chosen sufficiently general in order to 
allow for a finite limit Aq — )■ cxd at the end. We set 

L0($) = L^oAo^^^ = j dx £int(x) + L^?:'^°($) (28) 

thus adding to the interaction part (jH]) of classical origin, counter terms L^°'^°, which a 
priori include all local terms of mass dimension < 4 permitted by the unbroken global 
symmetries, i.e. Euclidean 0(4)-invariance, charge conjugation and global gauge invari- 
ance (|3]). There are six such terms, by definition all at least of order 0{h). The general 
bare functional can be written as follows : 

L^°;^» = J d^x [(S^'^)o t + + ^ {dAf + 

(pAAAA\a _ -, 

+ -^r^ (^')' + i^af . (29) 

In the abelian theory the ghosts are not coupled to the other fields. It is therefore not 
necessary to introduce counter terms for the ghost fields. Note that a fermion mass term 
is not compatible with global gauge symmetry. 

We also note that for A = Aq (i.e. when the regularized propagator vanishes), we have 
the intuitively obvious equality between the generating functionals of the connected and 
one-particle irreducible functions p. J denoted by F 

Lh:''' = r^?:''° . (30) 
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3.2 Inserted Schwinger functions 

To analyse the Slavnov- Taylor identities (STI), we have to consider Schwinger functions 
with a composite field inserted, too. Two kinds of such insertions have to be dealt with: 
local insertions implementing the BRS-variations, and a space-time integrated insertion 
representing the violation of the STI. 

The classical composite BRS-fields f lTOj) have mass dimensions 2 and 5/2 (the latter if 
a fermion field appears). They transform as axial vector, spinor and anti-spinor respec- 
tively, and they have fermion number 0, ±1 and ghost number 1. Hence, allowing for 
counterterms, we introduce the bare composite fieldsl 

pl{x) = R',d,c{x) , (31a) 
pi^%x) = RlzgM{x)yc{x) , (31b) 
fP^'>ix) = Rltg{^{x)^,ycix) , (31c) 

keeping the notation from (fTOj) but using it henceforth exclusively according to (I31ap - 
(13T^ . We set 

= 1 + 0{h) , (32) 

thus viewing the counterterms again as formal power series in h ; the tree order hP provides 
the classical terms f lTU]l . We note that the modified composite fields fl31ap -f pTc]) remain 
invariant under the BRS-transformations (ITT]) if we employ the generalized composite 
fields (I31ap - (l31cp in place of the original ones, ( 1T0|) . Contrarily to the nonabelian case, 
this invariance does not enforce additional constraints on the R^. 

To generate Schwinger functions with such insertions, the bare interaction (125]) is 
modified adding the composite fields fl31ap - (l31cp coupled to corresponding sources 

Lo = (p; $) = ($) + (p) , (33) 

L^«'^«(p) = jdx {Ux)pI{x) + C{x)p''%x) + f?''{x)C{x)} . (34) 

According to the properties of these composite fields, the sources C^, , are Grassmann 
elements, they have canonical dimension 2 respectively 3/2 for the last two, and ghost 
number —1 . For the insertions and their respective sources we also introduce a short 
collective notation 

p=(p^, p^ p^) , C = (Cm, C^) • (35) 

Using now (133|) in place of L^oAo g^g ^]-^g bare action in the representation (127|) . provides 
the functional L^'^"{p; $) , from which the generating functional of the regularized CAS 

'^one may ask whether one should also introduce a factor of for the BRS-transform of the antighost, 
of. the last relation in PU)) ; such a factor is redundant however because we may always choose an overall 
normalization freely. 
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with one insertion follows as 
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^c;^"(^;^)-^^^'^"(p;^)lp=o, (36) 

and similarly for the other insertions from In the infinite volume limit, and perform- 
ing a Fourier transform of the insertion position we obtain 

{q-^) = jdx e'^- (x ; $) . (37) 

We shall describe in Section 4, how the initial regularization, necessarily violating the 
STI, leads to another insertion which we denote as 

^Ao,Ao(^) = / rfx Q{x) N{x) , N{x) = Q{x) + Q'{x ; Aq ^) . (38) 



Here 9 is another source function. The individual terms of N{x) involve at most five 
fields and have ghost number 1. Furthermore, Q{x) is a local polynomial in the fields 
and their derivatives, having canonical mass dimension D = 5, whereas Q'{x;Aq^) is 
nonpolynomial in the field momenta but suppressed by powers of Aq"^ . In fact we will 
only need the spacetime integrated insertion which is obtained form the local one via 
functional derivation and subsequent integration. We denote 

L^'^°($) ^ jdx ^^'^"(0;;$) ^ J dx ^L^.^o(^ . $)|^^^ . (39) 
3.3 Proper Vertex Functions 

Our analysis of the STI will be based on a representation in terms of proper vertex 
functions (IPI), since the extraction of relevant parts from the STI is simpler and more 
transparent in terms of those than in terms of the CAS. We will basically skip here the 
passage to the IPI-functionals which is performed explicitly in [Ij, [25j, and only give 
some basic results. 

The field variables of the Legendre transformed functional are denoted through un- 
derlined variables A^, ■?/'"',?/'"', c,c, and analogously for the collective notations Lp, $. We 
can then obtain the generating functional of regularized vertex functions 

and also the corresponding generating functional of inserted regularized vertex functions 

f^'^°(p;$) . 
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Since we restrict to perturbation theory, the generating functional will be considered 
within a formal loop expansion 



Furthermore, decomposing into particular n-point vertex functions we introduce a multiin- 
dex ra, the components of which denote the number of each source field species appearing, 
together with its modulus and its norm defined as follows : 

n = {ha, n^, n^, ric, Us) , \n\ = riA + n^ + n^ +nc + nc ,\\n\\ = nA + ^{n^ + n^) + nc + nc ■ 



The corresponding regularized vertex functions in momentum space are then obtained 
through functional derivation 



(27r)^(i"i-^)5|(,)rf'^«($)|^.o = 5(Pi + ---+PH)r;;;f°(Pi,--- ,ph) , (42) 

{2ny^^''^''^5l^^^T^;^^^iq;m^.o = 5iq + + ■ ■ ■ + p\n\)T^X^q;p,, ■ ■ ■ ,P\n\) , (43) 
(2vr)^(l"l-^)51(,)r^;^($)k.o = S{p^ + ---+p\^\)Tif:niPir--,PH) ■ (44) 



For the sake of a slim appearance, the notation does not reveal how the momenta are 
assigned to the multiindex n, and in addition, the 0(4)-tensor structure remains hidden. 
By definition the n-point function is completely symmetric (antisymmetric) if the variables 
that belong to each of the commuting (anti-commuting) species occurring are permuted. 

3.4 Weak renormalizability 

In this section we report on a number of results obtained from renormalization theory 
based on flow equations, which we will need subsequently in the analysis of the STL We 
try to be short in this respect since it will turn out (as expected) that the model considered 
cannot be renormalized as a gauge theory. 

With the aid of the flow equations one can deduce inductive bounds on the Schwinger 
functions which imply renormalizability, as was realized by Polchinski [26j, see also [21j . 
and where the flow equations for composite operators were introduced. For a more 
recent presentation see |25j. The facts necessary to treat theories with massless fields can 
be inferred from [16], see also [19], [18], and [22] . 

As usual the relevant parameters of the theory have to be fixed through renormal- 
ization conditions. The relevant part of the functional F^'"^" is analysed in 14.2.11 In a 
(partially) massless theory marginal terms which are (logarithmically) infrared divergent 



oo 




(40) 



1=0 



(41) 
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by power-counting at zero momentum, have to be renormalized at non-exceptionajj exter- 
nal momenta. We therefore impose the following renormalization conditions at any loop 
order / G N 



i^ttoUUO) = 0, (45) 

^.(r?;(;:2))..(o) = sr(7,)., , (46) 

(r?:(3;o)).^p(o) = 0, (48) 

jpAAAA 

(r?;(t2))M^.(o) = (50) 



In fl46p we derive with respect to the momentum associated to the field ip- We de- 
note by pr = piR a fixed nonvanishing momentum. Then the four momenta in p^'' = 
(PiK' P2R^ Pm^ Pm) be chosen such that they point from the centre into the corners 
of a tetrahedron - or similarly into the corners of an equilateral triangle in the case of the 
momenta pj^ of a three point function. From power counting one may also expect that 
da{T^'ll°Q-^)^upiPi,P2,P3) contains a relevant contribution, which then should be propor- 
tional to the tensor e^^p^j . In fact the analysis of this term in section [Xj see in particular 
(I94p excludes such a contribution. Still this term is directly related to the anomaly 
in the STI, see below (175| 176]) . fl86| l87|) and section |X1 For inserted vertex functions, with 
D being the dimension of the insertion, similarly all local terms of dimension < D have 
to be fixed by renormalization conditions, where analogous restrictions on the external 
momenta have to be observed. For the inserted functional Fi appearing in the VSTI we 
have D = 5, and the corresponding relevant terms are listed explicitly in section 14.2.21 
With these renormalization conditions the subsequent proposition holds for non-inserted 
vertex functions, if we start from the (inter)action (l28l) . where the counter terms are cal- 
culated as functions of the renormalization conditions. For inserted vertex functions it 
holds with the same conditions imposed on the noninserted theory, and for a bare inserted 
functional calculated as before from analogous renormalization conditions on the relevant 
inserted terms. We state the proposition without proof, since its proof can be inferred 
from [1], [16], [22]; knowing that the anomaly will prevent us from making the corre- 
sponding statement on strong renormalizability (i.e. including the restoration of gauge 
symmetry) anyway. 



i.e. no nontrivial subsum vanishes 
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Proposition 3.1. Weak renormalizability of chiral U(l) gauge theory 

For fixed non-exceptional external momentum configurations p the vertex functions 

KtiP) (51) 
are uniformly bounded in Aq. Furthermore the limits 

^A,Ao, 



and 



hm Tt::\p)^Tl^{p) 

Ao^oo 



A-!>0 ' 



exist and are smooth functions in the open set of non-exceptional momenta. 
The same statements also hold for inserted vertex functions 

^A,Ao 



^Z-UtJ) (52) 
and 

r^;t:(p) . (53) 

It is also possible to control the singularities of the vertex functions at exceptional mo- 
menta, see [16j . 

For the analysis of the possible restitution of the STI in the renormalized theory the 
following statement on the inserted functions F^.'^^" (p) is important (see [Ij) 

Proposition 3.2. Restitution theorem 

If all renormalization constants imposed on the relevant part of F^:'^" vanish and if 
possibly nonvanishing irrelevant contributions to the bare functional Fg.°'^° are bounded 

by O (^A5^""""~''"'p(log(^)) - for a suitable mass scale /i > - then for non-exceptional 
momenta the inserted functions 

^ItniP) (54) 

vanish in the limit Aq — > oo, at least as O ^Aq ^ Plog (^^^^ • 

The polynomials V have nonnegative coefficients which may depend on /, n, fi, g, a , but 
not on A , Aq . 

Again we do not give a proof of this statement. In fact the presence of the anomaly turns 
out to be an obstruction of its application on chiral U(l) gauge theory. 
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4 The Violated Slavnov- Taylor identities 



4.1 Deduction of the VSTI from the path integral 

To examine the violation of the STI produced by the UV cutoff Aq we proceed in analogy 
with We start from the generating functional of the regularized Schwinger functions 
at the value A = of the flow parameter 0, 

^o,Ao(^) = J rf/.o,Ao($)e-*^'"'°(*)+^<*'^> . (55) 

The Gaussian measure (i/io,Ao('^') corresponds to the quadratic form | (5°''^°($), cf. ( 123|) . 

gO,Ao($) = (C'^XIa,) + (5°'^«)-V) - (c, (C^'^'T'c). (56) 
We define regularized BRS- variations (fTT]) . ( l31ap -( l3Tc|) of the fields by 

^BRsV^ix) = -{ao^Ao* p){x)e, (57) 

Sbb.s c(a;) = - (ao,Ao * - d^A) (x) e . (58) 

a 

The BRS-variation of the Gaussian measure has the form 

ci/xo,Ao($) ^ ci/^o,Ao($)(l - ;^ WQ°'''°($)) . (59) 

This BRS-variation of the Gaussian measure is obtained in the same way as for SU(2)- 
gauge theory, under the hypothesis that there is no Jacobian stemming from the redefi- 
nition of the field variables themselves. This is justified by 

Lemma 4.1. We introduce a cube of side length L in and expand the field variables in 
plane wave modes, imposing periodic boundary conditions. We introduce an UV cutoff Aq 
and restrict to wave numbers fc„ G M'^ such that < Aq . Imposing these regularizations 
the Jacobian associated with the change of variables f l57t 1581) equals 1. 

The elementary proof of this statement is in App. [Bl From the proof it is quite evident 
that the statement holds for larger classes of regulators and mode expansions. This is in 
some sense opposed to the deduction of the anomaly by Fujikawa [TBJ, [14j who relates it 
to a nontrivial Jacobian. On the other hand a statement analogous to ours can be found 
[15j, sect. II. A. We comment on Fujikawa's argument in App. O 

Inspecting f l5^ we observe that the factor cro,Ao of the BRS-variations (157^ just 
cancels its inverse entering the inverted propagators. Hence, the BRS-variation of the 

^again one should stay in finite volume as long as the vacuum part is involved 
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Gaussian measure has mass dimension D = 5. Invariance of the regularized generating 
functional (155|) under the BRS- variations (l57t l58|) then provides the violated 

Slavnov- Taylor identities 



(60) 



The BRS-variations appearing in fl60p can be dealt with, considering corresponding mod- 
ified generating functionals, where the notations are chosen as in 13.21 

i) The modified bare interaction (133|) is defined 

Z°'^''(ir,p) ^ j t;po,Ao('^')e-*^'°''"^''^*^+^<*'''> . (61) 

ii) The BRS-variations of the bare action and of the Gaussian measure 

- + ^^"'^") = j dxN{x)e (62) 



form a space-time integrated insertion with ghost number 1. The variation of L^oAo^ 
however, keeps the regularizing factor cro,A(, of ( l57t [58|) . thus the integrand N{x) is no 
longer a polynomial in the fields and their derivatives. We treat the integrand N{x) as 
a local insertion with a source 6{x), cf. (15^ . Introducing the corresponding bare action 
L^oAo(^g. ^ (iggng ^he functional @ Z°''^»(ir, 9) in analogy to fl6T]) . 
In terms of these modified Z-functionals the VSTI fl60l) can now be written 

9=0 • (63) 



Po,Ao^°'^"(^,P)lp=o = Jdx ^^°'^°(^, 
Here we introduced a regularized BRS-operatoi|^ 



6 1 (5 

2^o,Ao = , CTo.Ao 77) + ( - ^^-T- ' ^0,Ao^> • (64) 

The modified Z-functional f l6ip is related to the corresponding generating functional of 
modified CAS by0 

Z''^»iK,p) = ei^"'^»We-i(^°''°(''^^'^'^")+^°''°) , (65) 

and analogously in case of Z^'^° {K, 6). Starting from the relations between the generating 
functionals Z and the corresponding generating functionals of the vertex-functions we can 



^ Abusing notation we let the variables 9 and p, respectively, denote different functions. 
9(J,^) is short for / da; { (x) (J^;^ (^) + xM^^) (x) - ^cdx)x' {x)} ■ 
The vacuum part I^^'' is the same as in the case without insertion, since the insertion has ghost 
number 1 
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convert (165|) at the value A = into the violated Slavnov- Taylor identities for proper 
vertex functions , on substituting there the fields $ by the underlined fields $ which are 
the variables of the Legendre transform. We obtain 

OA /6T^'^° OA \ /I ^r^'^" \ 

Tg' °(^,c,c) = \^^'^o,Aor^' y - (^-duAu, c^o.Ao^— ) (66) 

with 

rr(^,c,c) = L?'^«(¥.,c,c) . (67) 
We rewrite the VSTI fl5^ more explicitly as 

rr- ^ -i i'-^, .0.. * OA) + * r-",*)) ,68, 

"-K.*^.rr(*))-""(r-®..,.*^). 

represents the violation of the STL Due to the fact that the BRS-transform increases 
the dimension of a monomial in the fields by one unit, Tg has to be interpreted as the 
generating functional of IPI-functions carrying an operator insertion of dimension 5 and 
ghost number one. Therefore relevant terms in this functional have mass dimension < 5 . 
Still following [T] we now analyse the relevant contributions to the VSTI fl68p in 14. jj'^ . 



4.2 The relevant contributions to the VSTI 
4.2.1 The relevant contributions to the functional T 

The generating functional T^'^° is invariant under the Euclidean group, under charge 
conjugation and under global (chiral) gauge transformations. We start listing the contri- 
butions to the relevant part of the generating functional T^'^° i.e. those terms of mass 
dimension < 4 which respect these symmetries. We do not underline field variables nor 
do we indicate the dependence on Aq or the loop-order I . 



r,= [ A,{p)A,{-p)r^^{p) +^\p)rf{p)^^{-p) -c{p)c{-p)r^^^^ 

^^In PJ we also analysed the VSTI at the bare side, i.e. at A = Aq , in order to verify the corresponding 
boundary conditions for Proposition 13.21 Since here we will show that the anomaly prevents us from 
verifying the required boundary conditions at A = , this second step becomes obsolete. 
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Since ghosts do not interact with other fields nor with themselves, the renormaliza- 
tion procedure does not modify the expression of their propagator. We have 

T^^, E^rans, ^long, = 0{h) . 

Due to global gauge invariance there is no mass term in T^^ . 



r3= / ^\pKfiP,q)^\q)A,i-p-q) + A,ip)Mq)A,i-p-q)TX''iP,q) 



with 5g^ ^tup' = 0{h) . The structure of T^^f^ is analysed in section Rl 



J p,q,r ^• 

jpAAAA 

^Xpt^(P^ ^' ^) = ^ {SpuSpa + Sf,p6^a + ^pJvp) , 

with F^-^AA = o{h). 

4.2.2 The relevant contributions to the functional Vq 

Expanding Tq up to terms of mass dimension 5 in fields and momenta we obtain the 
relevant terms which are listed below. We first write the corresponding contribution to 
the (V)STI for the corresponding field content and then the relation which follows if one 
imposes the corresponding relevant part of Tq to vanish. This relation is expressed in 
terms of the momenta and of the renormalization constants. The field content is indicated 
in the upper index of Tq . 
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2. 



= iM^p^, l-Ri{l + 



Tt^'\pi.P2. -Pi -P2) = -iRm.Ti:;]' - igR, {^,T^^{-p,)) 



6M^ 



= ipRPR,^,-{l - Rlil + T^iong))) 



+tgR2 Ut^Hpi) 



3.0 



= [Ri {g + Sg) - gR2{l + S^^) 

= ^(^275)., \Ri {g + 5g) - gRsil + S^^) 



r/' "'^'(^1,^2,^3) = -3!^i?iP3/.r;^fil(p3,pi) , P3 = -pi -P2 



= {P3,rX,iM^Pi)) 



— (3) 



\w\<2 . 



{PuP2,P3,P4) = -tg (i?3 - R2) (i^rtf^ 



Ml ; , P4 = -Pl - P2 
zj 



=g{g + Sg) (i?3 - R2 



^^^^^^^''^'(Pl,P2,P3,P4) = -4!i?iP4,Mr;:^1ii3(pi,P2,P3,P4) 



= d"" (p4,M ^t^,it3iP^,P2,P3, -Pl -P2- P3)) 



\w\ < 1 



i^We use the notation t« = ii;„_i^4) , e No , 9'" = Hi.M (a^j 



w 
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The subsequent five relations on the renormalization conditions allow to verify the con- 
ditions indicated behind them 



R2 = R3 ^ m , (81) 

1 

1 + ^Icmg 



Ri = , , i m, (82) 



6M^ 

^ = ^long ^ dZQD, (83) 

i?i = (1 + S^'^) R2 ^ dZS]) , dBD , (84) 

9 + og 

F^^^^ = ^ dHO]) . (85) 

The last relation is sufficient to ensure (179|) since the tensor structure of r^^i')i^^3 implies 
that the higher order contributions in an expansion around p^'' are irrelevant A 
simple solution of (IHT]) to (185|) is given by imposing the value for all quantities of order 



h. The tensor structure and the one-loop contributions to T^^^ are analysed in section 
1X1 Subsequently we just write F^^^ . As a consequence of explicit calculation we find 

Proposition 4.1. For A = and Aq < oo the contracted three-photon-amplitude has 
the Feynman parameter representation (denoting rf/is = ni=i d^i^i^ ~ Yli^i) ) 



■^o,Ao _ 2 f , a^sAg 

aup — -^'^iypafSP2aP3l3 / «/W5 71 ; Z ; ~ ^^[3" 

^ J [X2bP2 + ^3^3 + 2x25X3^2 ■ Pa + a;i23A^ 



The integrand and its up to second derivatives are absolutely integrable. In the UV limit 
the integral converges uniformly in momentum space and is given by 

2 f X3 1 

lirn^ (PlMrJ'it") = -^^vpal3P2aP?,p J ^/^5 ^ = ^upafS P2a P3I3 ■ (87) 



Aq— i-OO 

Furthermore, we have the bounds 



1^'" {pi,^'pup° - I = o , 1^1 < 2 . 

As a consequence the relevant part of the STI given through thr r.h.s. of (175]) and f l75]) 
cannot be made vanish for any choice of renormalization point. In fact, as is explained in 
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+ \v\pP2v^P<y + VipVzp^va + p'ipP'aJi'p + V2vVzp^P<y + VivV^a^w + VzpV^G^p.y\ F2 

with p' =p- pji. 
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App. lA.ll there is no relevant local term corresponding to the three-photon-amplitude, 
and its second derivatives (at any non-exceptional momenta) do not identically vanish 
according to (187|) . For more details on the three-photon-amplitude see App. \M Our 
conclusion is 

Theorem 1. The chiral U(l) gauge theory given through the Lagrangian ([1]) is not renor- 
malizable in the strong sense, that is to say such that the Slavnov- Taylor-Identities are 
restored in the renormalized theory. The obstruction is due to a nonvanishing relevant (in 
the sense of the renormalization group) contribution of the three-vector-boson amplitude 
T'^^^ violating these identities so that the STI violating functional (l67t l68|) satisfies 



[r 



0,Ao 



7^0 



for all (large) values of the UV cutoff Aq . 

In fact the anomaly is closely related to the infrared singular behaviour of the (deriva- 
tives of) the three-photon-amplitude. If the amplitude were analytic around zero momen- 
tum, the anomaly could not appear, as is explained in the next section and follows from 
Lemma lA.ll 

Acknowledgement: Ch. K. would like to thank Stefan Hollands for several discussions, 
in particular on the heat kernel in background fields. 



A Analysis of the three-photon amphtude 

A.l Tensor structure, symmetries 

The three- (axial) photon- amplitude 

is a tensor w.r.t. the euclidean 0(4)-group. Euclidean symmetry, the parity transforma- 
tion of the axial vector field - which enforces the appearance of the Levi-Civita tensor 
^ap-yS - and translation invariance which implies Pi + P2 + Ps = , permit to obtain the 
following decomposition of the tensor T^,^p{pi,p2,P3) in invariants : 

^p,^piPi,P2,P3) = Ai(123)pi^e^^^p + A2{l23)p2rer^,up 

+A3{123)piuPlaP2l3eaPpp + Ai{l2'i)p2vPlaP2peal3pp + A^{l2?,)pi^PiaP2liealiup 
+A(i{123)p2pPlaP2peafiup + AY{123)pipPiaP2fieafif,u + As{l23)p2pPlaP2l3eafif,u ■ 

Here we use the shorthand notation Ai{a{l)a{2)a{3)) for ^i(p^(i)'PCT(2)'PCT(3)) ' 

Ai are euclidean scalars. Using also complete Bose symmetry w.r.t. the 6 permutations 

of 

(Pl,/^), {P2,J^), (P3,P) 
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and considering the momentum configurations, values of tlie tensor indices and identities 
between tensor components following from Bose symmetry as indicated in (l89t l90| [9T]) 

Pi = (pn,0,pi3,pi4), P2 = (0,0,0,p24), (/x,i/,p) = (l,l,2),(l,2,l), (89) 



Pi = (Pll,0,0,pi4), P2 = (P21,0,0,P24), (/i, z/,p) = (1,2,3), (90) 
r^!.p(Pl,P2,P3) = r^Mp(P2,Pl,P3) = rp^M(P3,P2,Pl) = rppi.(Pl,P3,P2) , 



Pi = (0,0,pi3,pi4), P2 = (0,0,P23,P24), (/i, I^, p) = (1 , 2, 3) , (91) 
rMvp(Pl,P2,P3) = T^f,p{p2,Pl,P3) , 

and solving them in terms of the eight invariants Ai, we obtain the following relations: 

v4i(123) + Ai(231) + Ai(312) = (92) 

Ai(123) = Ai(321 

^2(123) = -Ai(213) 

^5(123) = -^4(213) 

^6(123) = -^3(213) 

A(123) = ^8(213) 

^7(123) = ^4(231) 

^3(123) = ^4(123) - ^4(321) . (93) 

Thus Tp,^p{pi,p2,p3) can be expressed in terms of only two amplitudes, for example 
Ai = A, Ai = B: 

rM.p(pi,P2,P3) = [A(l,2,3)K-^(2,l,3)p^Kp,, (94) 
+ [5(1, 2, 3)p3. + 5(3, 2, l)piu]ea^p^.p1pl 
+ [S(3, 1, 2)p2p + 5(2, 1, 3)p3p]e„;3.pKP2 
+ [5(2, 3, l)pi, + 5(1, 3, 2)p2p]ea/3^.P>f . (95) 

We note that under more restricted cinematical conditions (and thus with a weaker result) 
a similar analysis was performed in jT2]. We can resume our findings in the following 



23 



Lemma A.l. The amplitude Tf^,yp{pi,p2,P3) can be written in the form (IMl) where the 
scalar amplitudes A, B depend on the euclidean invariants p\, pi only. 
If ^ ij,up{piiP2iPz) is analytic at vanishing momentum, as is the case in a fully massive the- 
ory, its dependence on A excludes any relevant local contribution to r^^p(pi,p2;P3) • 

Note that analyticity thus would exclude the appearance of an anomal'^^ We also note 
that a local contribution to ^fiup{pi,P2,P3) compatible with the symmetries has to be at 
least of dimension 6. The corresponding term in the lagrangian then takes the form 

(dpAp) F^'' F^, , with = . 

The results of Lemma lA.ll are confirmed at 1-loop order by explicit calculation in IA.2I 



A. 2 Explicit results on the Pauli-Villars regularized 1-loop am- 
plitude 

We consider the one-loop triangular diagram (fig{T]), with complete Bose symmetry be- 
tween the external legs. In our case, we take an IR-regulator A. We use a Pauli-Villars 
regularizatioij^ of the fermionic propagators: 

I ^ Y2<Mik) = S'''"{k), (96) 
and we introduce Feynman parameters with the following notations: 



(n „i \ n 

TT / dxi (5(1 - V'xi) 
^=l J i=l 



(97) 

^ii + ■ ■ ■ + , Xi^ i^ — 1 — Xi^^^^i^ , Xi^ i^ — Xi^ i^ Xi-^ i^ . (98) 



1. The regularized (symmetrized) one-loop triangle diagram is given by 

TX; = 2 /tr[75^^'^»(%.^^'^"(A:-p2)7.^^'^"(fc + P3)7p] , 
Jk 

^''this conclusion is based on the complete Bose symmetry of the amplitude. In more complicated the- 
ories like the standard model there are fermion triangle contributions which are not fully Bose symmetric 
due to the presence of several vector boson species. In this case the previous conclusion does not hold. 

^^we hardly found any calculations in the literature which are not based on the dimensional scheme. 
Sometimes a global PV-regularization, obtained on introducing a heavy fermion is used [5] . If not directly 
applied to the integrand, this still does not lead to well-defined integrals, however. 
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Figure 1: The triangular diagram 



and at one-loop order, the amplitudes A and B introduced previously are given by: 
A(l,2,3) = ^ [ ^ (2x56 - X1234) 



+ 



7r2 J D3 



7r2 / D 



pI [xl^il - X34 - 3x12) - xIq{1 - xse) + X34(xi2 - xse)] 

+ pI [3X56 (Xi2 + 2:34) + 2X12X34 - a;56Xi234] 

+ P3 [3^12(1 - ^12 - 33^34) - 3:56(1 - X56) + X12(X34 - X56 



and 



5(1, 2, 3) = ^ J ^ [X34ixl2 + Xgg) - 3X12X34 - X56(Xi2 + X 



with 

D = D{A,Ao;pi,p2,P3]Xi,...,X6) = Xi35A^ + X246Ao + 534P2+^56P3 + 2a;34a;56P2-P3 ■ 

^^up° stays finite in the IR and UV limits i.e. finite when we take first A — )■ and 
then Aq — 7- oo . 

2. The contracted triangle For A = we obtain 
and in the UV limit, only one integral 
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survives. We find explicitly 



lim hm{p^,TX;) 



Ao— >oo A— i>0 



(100) 



3. Derivatives of the triangle The first momentum derivatives are finite for Aq — ?■ 
oo, A — )■ . In the second derivatives logarithmic divergences show up for exceptional 
momentum configurations when A — > . For example, we find 



n2-pA,Ao 



(div) 



P2=0,P37^0 



1 



P3a 



ln(^ 



(101) 



where /i^ > is an arbitrary momentum scale. Here the superscript is justified by 
the fact that 



a2-pA,Ao 



Ja/3 



r ^ ^ flUp 

— (>afi 



P2=0,P3^0 



with 



l/(A,/i,P3)l < 



dp2adp2f} 
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(div) 



P2=0,P3^0 



f{A,fi,pl) (102) 



In 1 + 



^VP3(P3 + 4A2) 

Thus the r.h.s. is finite for all values of A if pa 7^ . 



Ip I + 4A 2 



B On the Jacobian of regularized BRS-transformations 



In this appendix we prove Lemma 14. 1[ We consider a finite cube of side length L in M'* 
and we expand the field variables in terms of plane waves 



thus imposing periodic boundary conditions 



2'7rn,- 



cix) 



E 



c„, e'^""" , c(x) 



c„, e 
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Our result also holds if we take antiperiodic boundary conditions for fermions and/or ghosts. 
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In the regularized theory we want to calculate the Jacobian J of the BRS transform of 
the integration measure for all field modes. This measure can be written as 

n n ^"^/^'^ ) I n n ^^^^-^ ) i n ^^'^ i = n n ^^^'^^ ■ 

\IJ-=0 nGZ" / \j=l neZ4 / VnGZ* / i=i „gz4 

We write $(a;) = {(f)i{x),i = 1, 14} for the set of all components of the fields of the 
theory with = = 04+,, tpi = (ps+i, c = (pis, c = 0i4 • 

J is the determinant of a matrix ((M,j)^,^) built of blocks 14 x 14, with indices taking 
values in 



d(f) 



We will call the matrix of elements with i,j G [1, 14] , the (n, n')-block of M . 

The regularized BRS-transformations then induce the following changes of the field vari- 
ables: 



^ ^/i,n ~ ^^^,n ~ ^ -^1 '^OjAq (^n) ^n,/i C„ 6 , 
neZ4 neZ-* n,meZ4 



ni+n2=n 



and similarly 



V'i ,„ = V'i.n - « ^ ^3 ^0,Ao (^n) E '^i+2,ni ^nj 6 , 

ni+n2=n 

a 

We first study the diagonal blocks for which n — n' , and then the non-diagonal ones. 
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1. Diagonal blocks We obtain 



dA' 



Ml™ 



dA' 



^iML ^ _i ^^^^ (7o,Ao(A;n) e 



— 5ij + igR2 (7'o,Ao(^n)(^i+2,jC(o,o,0,0) ^ , 



dc 



^igR2 (7o,A(j (/Cn) ■01+2,(0,0,0,0) ^ , 



(9-?^ • dip ■ 

5ij + igRs (7o,Ao (/Cn)(^i+2,jC(o,o,0,0) e , ^igRz Cro,Ao (^n) V'j+2,(0,0,0,0) ^ 



^ ^ 1 ^ = 1 

9c„ ' dc„ 



dA 



— ^ (^OjAo (^n) ^n,/i ^ ■ 



All other coefficents are zero. 

2. Non-diagonal blocks (n, n') . We have the relations 
dip'- dip'- 

o , = (^i+2,j« -^2 ^0,Ao {K) Cn-n' ^ , ^ i 9 C^O.Ao (^n) V'j+2,n-n' ^ 



^1+2,3^9^-2, '^0,Ao(^n) 



dCr,! 



,n—n ■ 



All other elements of this block are zero. 
We then deduce an explicit expression for a general block (n, n') 



Mn'n — Sn,n' 














MA 




/o 











0\ 





14 
















Ms 

















14 








+ 








M4 








Ms 








1 










Ms 










Vo 















\o 











0/ 



with 



Ml 
M2 



7^0 

-i — cro,Ao(^n)e , 
a 

-ii?°(7o,Ao(^n) (^n,o A;„,i A;n,2 ^n.a) e , 

/O 1 0\ 



3/4 = '«5'-R2/3 ^0,Ao(^n) Cn- 



Ms 
Me 



1 

10 

\0 1 0/ 

^5'^2O'0,A„(^n) (V'a.n-n' '04,n-n' V'l.n-n' 1p2,n-n') ^ , 

igRlao,Ao{kn){'lp3,n-n' i^i,n-n' V'l.n-n' '02,n-n') ^ " 
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To obtain a well-defined finite dimensional determinant we introduce an UV cutoff Aq 
through restricting the sum over Fourier modes to \kn\ < Aq 



X 



''',|fcn|<Ao 



as stated in Lemma 14.11 Due to the cutoff the matrix 



is finite-dimensional, 



and we can apply the usual formula for the determinant of an n x n-matrix M, i.e. 
det{M) = J2aes ^('^) YYi=i ^j,o-(i) • A nonvanishing element a = {Mij)nn' 7^ 0, 1 is of 
order e . Consider a contribution A to the determinant for which a contributes. On the 
same line as a, in the [n, n)-block, there is a unique nonvanishing coefficient /3 which 
equals 1. A is a multiple of a coefficient of the column of /3 (different from But apart 
from P, the only non-zero elements in this column are of order e . Then A is zero because 



0. 



□ 



C Comments on Fujikawa's argument 

Fujikawa's argument [T3], [T^ links the chiral anomaly to the appearance of a Jacobian 
in the BRS transformation of the functional measure of integration. The argument is 
reproduced in many textbooks. From the mathematical point of view there are loopholes 
in this argument which we try to put into evidence, and it seems that the interpretation 
of Fujikawa's calculation, in particular in which sense precisely it may be related to the 
chiral anomaly, is unclear. 

The arguments proceeds from a decomposition of the fermionic fields w.r.t. eigenbases 

{0n},{<^U 



with 



n n 

i^{x) = ^\x)^^{x)e'-^^^^^ = Y,b'jh 

n n 

a'^ = + 2^a„ Mxa(x)0|„(x)750„(x) , 
b'm = bm + i^bn dxa{x)(f)l{x)'y5(j)m{x) . 
Thus the Jacobian of this transformation is 

det ( 1 + z I dx a{x) 4>n{x) 75 



X] 



X] 
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because the variables a„, 6„ are Grassmannian. Using the matrix relation det(M) = 
exp{Trln(M)} with M = 1 + i J dx a{x) (j)l^{x) 'y^ (j)m{x) , and expanding the logarithm 
to first order in a, we obtain the Jacobian 

nexp(-./..a.,.„to...„,.)). (103) 

Using the plane wave basis of section [B] for the fermionic modes (on introducing cutoffs), 
we would conclude that this jacobian equals 1. 

Fujikawa regularizes (I103p in a way depending on the vector field which is viewed 
as a background field. In fact he introduces a smooth function f{x) such that /(O) = 
1, /(oo) = , and writes a regularized Jacobian: 

JJexp ^-2i j dxa{x) 4>i{x) 75 /(^) 0n(a;)j • 

Here Ip = 'jfj.d^ — ieA^ is the covariant Dirac operator, and M < 00 is an UV regulator. 
The functions 0„ are then supposed to be eigenf unctions oi Ip . In this case the previous 
expression is well-defined only if the spectrum of Jj) is discrete which generically will not 
be the casj^. In the next step one passes to a plane wave basis using the relation 



lim V / dx a{x) 0i(x)75 /(r:^) 0„(a;) = lim tr / dx a{x) / e-^'=^75 f{—p^) e' 

(104) 

where tr indicates the spinor space trace. Applying the operator / to e*''^, and 



Akx 



performing the change of variables — )■ Mk^ , fll04p becomes 

exp(^-2^Jim^M^tr j dx a{x) J^^.f [{^k, + - '-^ , (105) 

since Ip'^ = —D^ — ^ [7^, '-/"] F^y . Expanding / around A;^ and observing that only terms 
of order > —4 in M and containing at least 4 7-matrices, survive for M — )■ 00 , fllOSp 
becomes 

exp(^^^Tr(T5|7'',7ll7',T']) j dxa{x)F,,{x)F,^{x) Jj (k'')) (106) 
^ e.p(«.=.7..„(.)^"'(.)^„„(.)) . 



''a necessary condition would be that the field Af^ {x) diverges for |x| — > oo . 
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where is a constant depending on the function f . Choosing f{x) = e ^ one finds 
K = The contribution of this Jacobian then gives rise to an anomalous term in the 

divergence of the axial current of the form 

PiJ-ij^ip)) = 2zm(j5(p))+ -^{{F^yF^''){p)) (for fermions of mass m) . 

The result (I106p has been obtained by introducing a background field dependent regulator 
for the fermions. Regularizing the fermions modes independently of this background 
would produce a trivial Jacobian as shown in App. [Bl The mathematical questions raised 
previously could be circumvented saying that what has been calculated is the short-time 
limit of the trace involving the diagonal part of the heat kernel Kt{x,y) of the operator 



But it is then not clear why this quantity should be directly related to the Jacobian of 
the chiral gauge transformation of the fermion fields. 

References 

[1] Ch. Kopper, V.F. Miiller: Renormalization of spontaneously broken SU(2) Yang- 
Mills theory with fiow equations, Rev. Math. Phys. 21, 781-820 (2009). 

[2] S.L. Adler: Axial- Vector vertex in spinor electrodynamics, Phys. Rev. 177, 2426-2438 



[3] S.L. Adler, W.A. Bardeen: Absence of higher-order corrections in the anomalous 
axial- vector divergence equation, Phys. Rev 182, 1517-1536 (1969). 

[4] J.S. Bell, R. Jackiw, A PCAC puzzle: 7r° 77 in the a-Model, Nuovo Cim.A 60, 
47-61 (1969) 

[5] R.A. Bertlmann: Anomalies in quantum field theory . Clarendon Press, Oxford 
(1996). 

[6] A. Bilal: Lectures on anomalies, arXiv: hep-th/0802.0634 (2008). 

[7] C. Bouchiat, J. Iliopoulos, Ph. Meyer: An anomaly-free version of Weinberg's model, 
Phys. Letters, 38B, 519-523 (1972). 



exp{-t^^} 



in such a background field [23] : 




(107) 



(1968). 



31 



[8] C. Becchi, A. Rouet and R. Stora: Renormalization of gauge theories, 
Ann. Phys. (N.Y.) 98, 287- 321 (1976). 

[9] P. Falco: Vector and axial anomaly in the Thirring-Wess model, J. Math. Phys. 51 
082306 (2010). 

[10] L.D. Faddeev, A. A. Slavnov, Gauge fields: introduction to quantum theory , 2nd 
edition Addison- Wesley Pub., Reading MA (1991). 

[11] V.N. Popov and L.D. Faddeev Kiev Inst. Theor. Phys. Acad. Sci. preprint ITP 67-36 

(1967), English translation: Perturbation theory for gauge-invariant fields (preprint 
NAL-THY-57, 1972). Reprinted e.g. in 50 years of Yang-Mills theory , ed. G 't Hooft, 
World Scientific (2005). 

[12] Y. Frishman, A. Schwimmer, T. Banks, S. Yankielowicz: The axial anomaly and the 
bound-state spectrum in confining theories, Nucl. Phys. B177, 157-171 (1981). 

[13] K. Fujikawa: Path integral measure for gauge-invariant theories, Phys. Rev. Lett. 
42, 1195-1198 (1979). 

[14] K. Fujikawa, H. Suzuki: Path integral and quantum anomalies, Oxford University 
Press (2004). 

[15] D.J. Gross, R. Jackiw: Effect of anomalies in quasi-renormalizable theories, Phys. 
Rev. D 6, 477-493 (1972). 

[16] R. Guida, Ch. Kopper: Uniform momentum bounds via fiow equations: Massless ipf, 
to appear. 

[17] G. Keller, Ch. Kopper : Perturbative renormalization of composite operators via fiow 
equations I. Commun. Math. Phys. 148, 445-467 (1992). 

[18] G. Keller, Ch. Kopper: Perturbative renormalization of QED via fiow equations, 
Phys. Lett. B273, 323-332 (1992). 

[19] G. Keller, Ch. Kopper: Perturbative renormalization of massless phi**4 in four di- 
mensions with fiow equations. Commun. Math. Phys. 161 515-532 (1994). 

[20] G. Keller, Ch. Kopper: Renormahzability proof for QED based on fiow equations, 
Commun. Math. Phys. 176, 193-226 (1996). 

[21] G. Keller, Ch. Kopper, M. Salmhofer: Perturbative renormalization and effective 
Lagrangians in Helv. Phys. Acta 65, 32-52 (1991). 

[22] B. Leveque: Thesis Ecole Polytechnique, to appear. 



32 



M. Liischer: Dimensional regularization in the presence of large background fields, 
Ann. Phys. (N.Y.) 142, 359-392 (1982). 

V. Mastropietro: Non perturbative Adler-Bardeen theorem, 
J. Math. Phys. 48, 022302 (2007). 

V.F. Miiller: Perturbative renormalization by flow equations. Rev. Math. Phys. 15, 



491 - 558 (2003), [^^:hep-th /0208211[ 



J. Polchinski: Renormalization and effective Lagrangians, Nucl.Phys. B231, 269-295 
(1984). 

I.V. Tyutin: Gauge invariance in field theory and statistical mechanics, Lebedev 
FIAN 39 (1975). 

F. Wegner, A. Houghton: Renormalization group equations for critical phenomena, 
Phys. Rev. A8, 401-412 (1973). 

K. Wilson: Renormalization group and critical phenomena I. Renormalization group 
and the Kadanoff scaling picture, Phys. Rev. B4, 3174-3183 (1971), 
K. Wilson: Renormalization group and critical phenomena II. Phase cell analysis of 
critical behaviour, Phys.Rev. B4, 3184-3205 (1971). 

J. Zinn- Justin: Quantum field theory and critical phenomena , ch. 21, Clarendon 
Press, Oxford, 3rd ed. (1997), and J. Zinn- Justin in: Trends in elementary particle 
theory. Lecture Notes in Physics 37, 2 - 40, Springer- Verlag (1975). 



J. Zinn- Justin: Chiral anomalies and topology, arXiv: hep-th/0201220 (2002) 



33 



